Introducing
Modal Fixed-Point Operators
into CCSL

Christian Kissig
Univ. of Techn. Dresden, Dept. of CS

kissig@tcs.inf.tu-dresden.de

-p.- 1



Introduction

@ Introduction and Motivation
@ The running Example

Preliminaries

Modal Operators

Modal Fixed-Point Operators

Conclusions

Introduction and Motivation

m Abstract Data Types / Classes modelled with Algebras
® Processes / Dynamic Systems are modelled with Coalgebras
® Modal Logic a natural Means to specify Dynamic Systems

m CCSL contains only infinitary Modal Operators
m CCSL does not support Finiteness Properties
m CCSL does not allow recursive Properties

Outline of the following 30min :

m Preliminaries & CCSL
m Introduction of the Modal Operators
® Introduction of the Modal Fixed-Point Operators
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The running Example

A General Type Scheduler :

Client requests a Resource
Client enqueued

Client assigned a Resource
Client returns the Resource

request

assign

finish

-p-3




Introduction

Preliminaries

@ Polynomial Functors and

(Co-)Algebras
@ Polynomial Types
@ Signatures in CCSL
® The Logic of CCSL

Modal Operators

Modal Fixed-Point Operators

Conclusions

Polynomial Functors and (Co-)Algebras

Polynomial Functors T" are defined by
TX =A| X | TTHX xTX | TT'X+TX|A—-TX

for T7 and T, being polynomial functors,
and A an arbitrary set
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Polynomial Functors and (Co-)Algebras

Polynomial Functors T" are defined by

TX =A|X | TiX xTX | TIiX+TX | A— T X

A T-algebra algr is a function

algr : TX — X

m Algebras describe Data-Types

-p. 4




Introduction

Preliminaries

@ Polynomial Functors and
(Co-)Algebras

@ Polynomial Types

@ Signatures in CCSL

® The Logic of CCSL

Modal Operators

Modal Fixed-Point Operators

Conclusions

Polynomial Functors and (Co-)Algebras

Polynomial Functors T" are defined by

TX =A|X | TiX xTX | TIiX+TX | A— T X

A T-algebra algr is a function

algr : TX — X

m Algebras describe Data-Types

A T'-coalgebra clg is a function

clgr : X - TX

m Coalgebras determine general type LTS
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Polynomial Types
Polynomial Functors :
TX =A| X | X xThX | ThX+ThX|A—-TX

Types = I 7 are defined as

m g type variable o from =
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Polynomial Types

Polynomial Functors :

TX =A|X | ThIX xToX | i X +ToX | A —Th X

Types = I 7 are defined as

m g type variable o from =
m the special type Prop of propositions
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Polynomial Types

Polynomial Functors :

TX =A|X | ThIX xToX | i X +ToX | A —Th X

Types = I 7 are defined as

m g type variable o from =
m the special type Prop
® the unit type 1, and the empty type 0
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Polynomial Types

Polynomial Functors :

TX =A|X | ThIX xToX | i X +ToX | A —Th X

Types = I 7 are defined as

m g type variable o from =

m the special type Prop

® the unit type 1, and the empty type 0

m the special type Self for the state space
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Polynomial Types

Polynomial Functors :

TX =A|X | ThIX xToX | i X +ToX | A —Th X

Types = I 7 are defined as

m g type variable o from =

m the special type Prop

® the unit type 1, and the empty type 0
m the special type Self

m the product 7 x ¢ of types 7 and o
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Polynomial Types

Polynomial Functors :

TX =A|X | TiX xTX | TIiX+TX |A—TX

Types = 7 are defined as

m 3 type variable a from =

m the special type Prop

® the unit type 1, and the empty type 0
m the special type Self

m the product 7 x o

m the coproduct 7 + o of types 7 and o
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Polynomial Types

Polynomial Functors :

TX =A|X | TiX xTX | TIiX+TX |A—TX

Types = 7 are defined as

m 3 type variable a from =

m the special type Prop

® the unit type 1, and the empty type 0
m the special type Self

m the product 7 x o

m the coproduct 7 + o

m the exponent 7 — o for types = and ¢ whereby = does not
contain any occurence of Self
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Introduction P0|yn0m|a| FUﬂCtOI’S

© ol Furclorsane TX =A| X | WX xToX | T X +ToX | A— T X

@ Polynomial Types
@ Signatures in CCSL
® The Logic of CCSL

Modal Operators Types = 7 are defined as

Modal Fixed-Point Operators

Conclusions m 3 type variable a from =
m the special type Prop
® the unit type 1, and the empty type 0
m the special type Self
m the product 7 x o
m the coproduct 7 + o
m the exponent 7 — o

m Cr,..., 7| fOr a type constructor of arity k
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Signatures in CCSL

A Signature over a set C of Type Constructors and a set P of
Type Parameters is a tuple ¥ = (3, 3¢)

Example : C = {Lift} and P = {Client, Resource}
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Signatures in CCSL

A Signature over a set C of Type Constructors and a set P of
Type Parameters is a tuple ¥ = (3, 3¢)

Example : C = {Lift} and P = {Client, Resource}

request : Client — Self

S { ) assign : Client X Resource — Self
m:T

M finished : Client X Resource — Self

get_resource : Lift|Resource]
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Signatures in CCSL

A Signature over a set C of Type Constructors and a set P of
Type Parameters is a tuple ¥ = (3, 3¢)

Example : C = {Lift} and P = {Client, Resource}

request : Client — Self

S { ) assign : Client X Resource — Self
m:T

M finished : Client X Resource — Self

get_resource : Lift|Resource]

Yo Ac:o}
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Signatures in CCSL

A Signature over a set C of Type Constructors and a set P of
Type Parameters is a tuple ¥ = (3, 3¢)

Example : C = {Lift} and P = {Client, Resource}

request : Client — Self

assign : Client X Resource — Self

YXv  {m: 7} o ,
finished : Client X Resource — Self
get_resource : Lift|Resource]

Yo Ac:o} new_scheduler : 1
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Signatures in CCSL

A Signature over a set C of Type Constructors and a set P of
Type Parameters is a tuple ¥ = (3, 3¢)

Example : C = {Lift} and P = {Client, Resource}

request : Client — Self
assign : Client X Resource — Self

YXv  {m: 7} o ,
finished : Client X Resource — Self
get_resource : Lift|Resource]

Yo Ac:o} new_scheduler : 1

Semantics of Signatures:

m a Model of a Signature is a triple (X, ¢, a)
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The Logic of CCSL

Terms Z|I" - ¢ : 7 are defined as

® Ground Terms : constant symbols ¢ : 7, method symbols
m : o, constructor symbols c: p
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The Logic of CCSL

Terms Z|I" - ¢ : 7 are defined as

® Ground Terms : constant symbols ¢ : 7, method symbols
m : o, constructor symbols c: p

m Variable Terms : typed variables x : o
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The Logic of CCSL

Terms =|' -t : 7 are defined as

m Ground Terms : constant symbols ¢ : 7, method symbols
m : o, constructor symbols c: p

m Variable Terms : typed variables x : o

m Equality Terms : behavioural equality ¢, ~ to, and equality
t1 =19

-p.7




Introduction

Preliminaries

@ Polynomial Functors and
(Co-)Algebras

@ Polynomial Types
@ Signatures in CCSL

® The Logic of CCSL

Modal Operators

Modal Fixed-Point Operators

Conclusions

The Logic of CCSL

Terms =|' -t : 7 are defined as

m Ground Terms : constant symbols ¢ : 7, method symbols
m : o, constructor symbols c: p

m Variable Terms : typed variables x : o

m Equality Terms : behavioural equality ¢, ~ to, and equality
i1 =to
m Constructions over :
¢ Abstraction \(z : 0).t1
¢ Application tits : 7
* binary Product (tl,tg) 101 X T1 with PrOj. 7Tz'<t1,t2> 10
¢ |njections k1t1 : o+ 7and koty : o+ 7
¢ Boolean Connectives —,V,A,=, <
¢ Quantifiers Vv,3
¢ infinitary Modal Operators l, ¢
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The Logic of CCSL

Terms =|' -t : 7 are defined as

m Ground Terms : constant symbols ¢ : 7, method symbols
m : o, constructor symbols c: p

m Variable Terms : typed variables x : o

m Equality Terms : behavioural equality ¢, ~ to, and equality
i1 =to
m Constructions over :
¢ Abstraction \(z : 0).t1
¢ Application tits : 7
* binary Product (tl,tg) 101 X T1 with PrOj. 7Tz'<t1,t2> 10
¢ |njections k1t1 : o+ 7and koty : o+ 7
¢ Boolean Connectives —,V,A,=, <
¢ Quantifiers Vv,3
¢ infinitary Modal Operators l, ¢

Formulae in CCSL are Terms of type Prop
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Modal Operators - Introduction

In 2000, Jan Rothe defined the Modal Operators B and ¢
In his Master Thesis.

m Method Granularity, only
m infinitary, only
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Modal Operators - Introduction

iy In 2000, Jan Rothe defined the Modal Operators B and ¢
R in his Master Thesis.

Modal Operators

@ Modal Operators -
Introduction

m Method Granularity, only
® How to separate Successor . . .
e m infinitary, only

@ Paths through polynomial

Functors
@ Successors by Paths

® Modal Operators

| define single-step Modal Operators (0¥ and O* .

Modal Fixed-Point Operators

Conclusions [ | Path GranU|ar|ty
B single-step

Outline of this Chapter :

m Paths through Polynomial Functors
m Successor Function using Paths
m Definition of the Modal Operators
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How to separate Successor States

Recall from the Scheduler Example :

DM = §

[ request : Client — Self
assign : Client x Resource — Self
finished : Client x Resource — Self

| get_resource : Lift|Resource]
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¢ : )
Modal Operators request : Client — Self
® Modal Operators - . .
e assign : Client x Resource — Self
W parate Successor _ >
Stat . . .
Paihs hrough polynomia finished : Client x Resource — Self
Functors
®S by Path . y
oessors b Pae | get_resource : Lift|Resource] )
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B Successor States by Methods [Method Granularity]
m Successor States by Paths [Path Granularity]
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Paths through polynomial Functors

Polynomial Functors :
TX =A| X | X xThX | ThX+ThX|A—-TX
Paths through polynomial Functors :

= P(A) = {)
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Paths through polynomial Functors

Polynomial Functors :
TX =A| X | X xThX | ThX+ThX|A—-TX
Paths through polynomial Functors :

= P(A) = {+}
= P(X) = {+}
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Paths through polynomial Functors

Polynomial Functors :
TX =A| X | X xThX | ThX+ThX|A—-TX
Paths through polynomial Functors :

" P(A) = ()
. P(X) = {+)
u P(Tl X Tg) = /431P(T1) U HJAQP(TQ)
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Successors by Paths

sucer : TX X Pp — X + {x}

m For x € X we get sucer(x, *) = k1o

succr naturally extends to sets of Paths :

siucer(x, P) = {2’ | Ip € P.k12’ = sucer(z,p)}
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Successors by Paths

sucer : TX X Pp — X + {x}

m For x € X we get sucer(x, *) = k1o
m Fora € Awe get sucer(a, x) = Ko

succr naturally extends to sets of Paths :

siucer(x, P) = {2’ | Ip € P.k12’ = sucer(z,p)}
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succr(x, kep) = succy(max, p)

Conclusions

succr naturally extends to sets of Paths :

siucer(x, P) = {2’ | Ip € P.k12’ = sucer(z,p)}
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Successors by Paths

sucer : TX X Pr — X + {x}
m For x € X we get sucer(x, *) = k1o
B Fora € Awe get sucer(a,*) = ko

B Forz € (T)X x TuX) sucer(x, k1p) = succy(mix, p

succT(:r;, /4;2p) = SUCCt(WinaP
succr (K1, k1p) = SUCCt(%P)
succr(KoX, Kop) = SUCCt(%P)

mFork,x e Th' X +T5X

succr naturally extends to sets of Paths :

siucer(x, P) = {2’ | Ip € P.k12’ = sucer(z,p)}
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Successors by Paths

sucer : TX X Pr — X + {x}
m For x € X we get sucer(x, *) = k1o
B Fora € Awe get sucer(a,*) = ko

m Forz € (T1.X x TX) succr(x, k1p) = succy(mix, p

sucer(x, kep) = succy(max, p

succr(K1x, k1p) = succ(x, p)
m Fornz € ToX + To X succr(Kox, kop) = succ(x, p)

succr(K1T, Kap) = Ko

succr naturally extends to sets of Paths :

siucer(x, P) = {2’ | Ip € P.k12’ = sucer(z,p)}
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Modal Operators

Syntax of the single-step Modal Operators :

m 7 F : Self — Prop
m OF : Self — Prop

for F' : Self — Prop
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Modal Operators

Syntax of the single-step Modal Operators :

m 7 F : Self — Prop
m OF : Self — Prop

for F' : Self — Prop

Semantics of the single-step Modal Operators :

IDFF=\Z:3) .Mz : X)Va' € X.(a' € sicer(cx, P) = [|F||(2', 7))
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Modal Operators

Syntax of the single-step Modal Operators :

m 7 F : Self — Prop
m OF : Self — Prop

for F' : Self — Prop

Semantics of the single-step Modal Operators :
IDFF=\Z:3) .Mz : X)Va' € X.(a' € sicer(cx, P) = [|F||(2', 7))

OF is defined as an Abbreviation :

OP\(x : Self).¢ < —OF \(z : Self).~¢
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Fixed-Points of Predicate Transformers

A Predicate-Transformer F' over Self is a Function

F : (Self — Prop) — (Self — Prop)
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Fixed-Points of Predicate Transformers

A Predicate-Transformer F' over Self is a Function
F : (Self — Prop) — (Self — Prop)
A Fixed-Point 7 : (Self — Prop) of F' is determined by
F(Z)=Z

We are interested in the least and greatest Fixed-Points, only.
B may not exit
m Existence is guaranteed by Knaster-Tarski Theorem

m f IS monotonic
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Fixed-Points of Predicate Transformers

A Predicate-Transformer F' over Self is a Function
F : (Self — Prop) — (Self — Prop)
A Fixed-Point 7 : (Self — Prop) of F' is determined by
F(Z)=Z

We are interested in the least and greatest Fixed-Points, only.
B may not exit

m Existence is guaranteed by Knaster-Tarski Theorem
m f /' is monotonic

Fis monotoniciff 71 C Zo = FZ{ C FZ,

7y C Zy iftV(x : Self).Z1(x) = Z3(x)
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Criterion
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Syntax of the Modal Fixed-Point Operators :
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Modal Fixed-Point Operators

Syntax of the Modal Fixed-Point Operators :
® (A\(Z : Self — Prop).F) : Self — Prop

my(\(Z : Self — Prop).F) : Self — Prop
(A(Z : Self — Prop).F' has to be monotonic)

Semantics of the Modal Fixed-Point Operators :

|p(A(Z : Self — Prop).F)||u,...v, =
T :alip(AZ : X — 2[|Fl|lu, ... v, (T.2))

v is defined as an Abbreviation as follows (F' = A\(x : Self).¢):

v(A(Z : Self — Prop).\(z : Self).¢) =
1(Z : Self — Prop).\(z : Self).~¢[Z/~Z]
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Normalforms

Beta - Normalform :
B (\(x:0).t)s —pt'[s/z] fors: o being aterm
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Normalforms

Beta - Normalform :
B (\(zx:0)t)s —pts/z]

Negation - Normalform :
[ | —|—|¢ — ¢

- T —_land -1 —_ T

(¢ VY) —- o A-pand 2(¢ Ap) —— —pV Y
—Vs:04) —_ ds:o.~pand ~ds: o) —_ Vs : 0.7

0P \(z : Self).¢p —— O \(x : Self).—¢ and

-OF M\ : Self).¢p —— O \(x : Self).—¢

B -y \(Z : Self — Prop).\(z : Self).¢|Z] —_ vA(Z : Self —
Prop).\(x : Self).—¢[—-Z/Z] and

—vA(Z : Self — Prop).\(x : Self).¢|Z] —_ uA\(Z : Self —
Prop).\(x : Self).—¢[-Z2/7]

(all Abbreviations are assumed to be expanded)
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The syntactic Monotonicity Criterion

F = \Z : Self — Prop).\(z : Self).¢ is monotonic
if ¢ satisfies the syntactic Monotonicity Criterion,
l.e. ¢ is in Negation Normalform and

1. ¢ does not contain Z

2. ¢ is of the form Zx or ¢1 A ¢po OF P71 V

3. ¢isoftheformV(v: 7).¢1 or I(v: 7).01

4. ¢ is of the form (O (A\x.¢1))(x) or (O (A\z.¢1))(2)

5. ¢ is of the form (u(AZ" . Ax.¢3))(x) or (V(AZ" . Ax.¢p3))(x)

such that
B ¢; and ¢, satisfy the syntactic Monotonicity Criterion w.r.t. Z

B (3 satisfies the syntactic Monotonicity Criterion w.r.t. Z and
Z/
m P valid paths

-p. 16




The syntactic Monotonicity Criterion 1,2

introduction F = \Z : Self — Prop).\(z : Self).¢.

Preliminaries

Modal Operators TO ShOW . Zl g Z2 ImplleS ¢[Z1/Z] [:C] :> ¢[ZQ/Z] [:C] for a” xr

Oiixed;Points of Predicate 1 Z does not OCCUr |n ¢
:Lﬁg:j;;;xrer:jointOperators m then (¢[Zl/Z])[x] = (gb[Zg/Z])[:C] triviaIIy

@ The syntactic Monotonicity

Criterion
@ The syntactic Monotonicity

Criterion 1,2

@ The syntactic Monotonicity
Criterion 2,3

@ The syntactic Monotonicity

Criterion 4
@ The syntactic Monotonicity

Criterion 5
@ Example - Some Temporal

Connectives
@ Example - Scheduler

@ Example - Scheduler

Conclusions

-p. 17




The syntactic Monotonicity Criterion 1,2

introduction F = \Z : Self — Prop).\(z : Self).¢.

Preliminaries

(g To show : 7y C Z, implies ¢|Z1/Z]|x| = ¢|Z2/Z][x] for all x

.
@ Fixed-Points of Predicate 1 Z does not OCCUr |n ¢

Transformers

@ Modal Fixed-Point Operators ® then (¢[Zl/Z])[£U] = (gb[ZQ/Z])[SC] tr|V|a”y

® Normalforms

@ The syntactic Monotonicity 2 ¢ _ Z T

Criterion
@ The syntactic Monotonicity
m then Zyz = Zyx by Z1 € Zp
@ The syntactic Monotonicity
Criterion 2,3
@ The syntactic Monotonicity

Criterion 4
@ The syntactic Monotonicity

Criterion 5
@ Example - Some Temporal

Connectives

@ Example - Scheduler
@ Example - Scheduler

Conclusions




The syntactic Monotonicity Criterion 1,2

introduction F = \Z : Self — Prop).\(z : Self).¢.

Preliminaries

Modal Operators TO ShOW . Zl g Z2 ImplleS ¢[Z1/Z] [:C] :> ¢[ZQ/Z] [:C] for a” xr

@ i P o reae 1. Z does not occur in ¢
® odal Fed P Operators B then (¢|Z1/7])|z] = (¢|Z2/Z])|x] trivially
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Criterion 5
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S ( 61121/ Z][) A ) N ( 617/ Z][] A )

Conclusions

$2|21/Z]|x] $2|Z2/Z]|x]
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SR 26w r)d 06 = A7)0y
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Inoducion F = X7 : Self — Prop).\(x : Self).¢.
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’L:f;z,”;ift;M°”°t°”f°f” x’ € sucer(x, P), i.e. successors of x for paths P
O'Cl':f:i(:eii):)n:e;c’téc Monotonicity . Or equ|va|ent|y

@ The syntactic Monotonicity

Onctic Monotonicity \V/x, 6 S/LZCCT(:E7 P>(¢]— [Z]- /Z] [x,] i ¢]— [Zl /Z] [aj/])
o Exampi - S Tempora m implying V2’ € sicer(x, P).¢1[Z1/Z][2'] = V2’ €
@ Example - Scheduler S/IJ/\CCT (:C’ P) ¢1 [Z2 /Z] [Qj’,]

@ Example - Scheduler

® then by definition of [J we obtain

Conclusions

O Xa' - Self).¢1[Z,/Z) € OF A&’ : Self).¢1[ 22/ 7]

2. a similar argument for ¢ = O \(2’ : Self).¢,
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Conclusions u /,I/()\Z/)\x/¢]_ [Zl/Z] g ILL()\Z/)\Q?/¢]_ [ZQ/Z]
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® The syntactic Monotonicity | AF¢ — M(Z . (Self — PI’Op))

o s (Alz = Self).o(z) V ((OTseir)(z) ANIZ)(2))

@ The syntactic Monotonicity
Criterion 4

@ The syntactic Monotonicity . . . . . . .
e Every state in a run satisfies ¢ until a state satisfying v is
Connectives re aC h ed

@ Example - Scheduler
@ Example - Scheduler

e mpUNTILY =v(Z: (Self — Prop)).
(A = Self).ih(z) v (o(x) A (HZ)(x)))
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Example - Scheduler

Recall > ,, from the Signature for the Scheduler

request (

assign (

finish ((C'x R) — X)x
(

get_resource

The following Property describes that
1. after any client returns a resource

1. P, = D/%S((CXR)X{*}.P{
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Example - Scheduler

Recall > ,, from the Signature for the Scheduler

request (

assign ( e

finish (CxR)— X)x FRg---
(

get_resource

The following Property describes that
1. after any client returns a resource

2. a resource will eventually be available

1. P, = D/%S((CXR)X{*}.P,

2. Pl = u(A(Z : Self — Prop).\(z’ :
Self).(up?(get_resource(x”)) V ((0Tser)(z') A (OZ)(x"))))
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@ The syntactic Monotonicity
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@ The syntactic Monotonicity

Criterion 2,3

® The syntacic Monotoniiy The following Property describes that

Criterion 4

® The syntaciic Monotonicty 1. after a Resource is assigned to a Client
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@ Example - Some Temporal
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Conclusions

1. P, = u(Z : Self — Prop).QR=(CxR)x{x}) p!/
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@ The syntactic Monotonicity ﬁnZSh ((C X R) — X) X /%3 oo
(

Criterion
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Criterion 1,2 get—,r€80uirce
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Criterion 2,3

® The syntacic Monotoniiy The following Property describes that

Criterion 4

® The syntactic Monotonicty 1. after a Resource is assigned to a Client

Criterion 5
@ Example - Some Temporal

Connecives 2. and after any Client returns a Resource

@ Example - Scheduler

@ Example - Scheduler

Conclusions

1. Po = p(Z : Self — Prop),Q%z((CXR)x{*})PQ,
2. PQ’ — D’%S((CXR)X{*})PQN
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Example - Scheduler

Recall > ,, from the Signature for the Scheduler

request (

assign ( e

finish (CxR)— X)x FRg---
(

get_resource

The following Property describes that
1. after a Resource is assigned to a Client

2. and after any Client returns a Resource

3. a resource is available and the game loops forever
1. Py, = u(Z : Self — Prop).QR=((CxR)x{x}) p!/

2 P2/ _ D/%g((CxR)x{*})PZH

3. Py = Xx : Self).up?(get_resource x) A\ (Z x)
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@ Conclusions

Conclusions

m Single-Step Modal Operators finer than Infinitary Modal
Operators

®m Modal Fixed-Point Operators are helpful for defining
Finiteness Properties

m Still complicated, unhandy Syntax
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@ Conclusions

Thank you very much for your attention!
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